Abstract. In [YZ15], for each quiver Q and each algebraic oriented cohomology theory A, the preprojective cohomological Hall algebra (CoHA) of Q was introduced, as the A-homology of the moduli of representations of the preprojective algebra of Q, which generalizes the K-theoretic Hall algebra of commuting varieties defined by . In the present paper, for the quiver with potential of Ginzburg, we compare the critical CoHA defined by Kontsevich-Soibelman with the preprojective CoHA. As applications, we obtain an embedding of the positive part of the Yangian into the critical CoHA.
Introduction
In this paper we study the relation between two cohomological Hall algebras (CoHA). One arises from the study of the symmetry of the cohomology of Nakajima quiver varieties; the other from Donaldson-Thomas theory of 3-Calabi-Yau categories.
The former CoHA, called the preprojective CoHA, was introduced in [YZ15] for each quiver Q and each algebraic oriented cohomology theory (OCT) A in the sense of . This is a CoHA associated to the 2-Calabi-Yau category of representations of the preprojective algebra of the quiver Q. The preprojective CoHA was used to construct an affine quantum group associated to g Q and A, which acts on the A-homology of quiver varieties. Nakajima-type operators are lifted as elements in the preprojective CoHA. In the case when A is the Chow group, we recovered the action of the Yangian on quiver varieties constructed in [Va00] . Another special case when A is the K-theory and Q is the Jordan quiver, the preprojective CoHA is the K-theoretic Hall algebra of commuting varieties studied by Schiffmann-Vasserot, which has been proven isomorphic to the elliptic Hall algebra in [SV12] . The preprojective CoHA is used in [YZ1] to construct affine quantum groups coming from arbitrary formal group law, which includes the quantizations of Manin triples in [D86, § 4] as special cases, and in [YZ2] to construct a Drinfeld realization of the elliptic quantum group and its action on the equivariant elliptic cohomology of quiver varieties which was previously unknown.
The latter CoHA was defined by Kontsevich-Soibelman in the cornerstone work [KoSo11] , associated to the 3-Calabi-Yau category of representations of a quiver with potential, called the critical CoHA. Recall associated to any quiver with potential, there is a Jacobian algebra J W , which is defined as the quotient of the path algebra by the ideal generated by the derivatives of the potential ( [DWZ08] , see also § 2.1). The category of modules over J W is a 3-Calabi-Yau category. Kontsevich-Soibelman constructed a critical CoHA, whose underlying vector space is the critical cohomology of the representation space of J W [KoSo11] . Here critical cohomology is the cohomology valued in a vanishing cycle.
In the present paper, for the class of quivers with potential studied by Ginzburg in [Gin09] , we construct an isomorphism of the corresponding preprojective CoHA and the critical CoHA. Thus, the present paper can be considered as a step towards establishing a relation between instanton counting and Donaldson-Thomas invariants of Calabi-Yau 3-folds. Such a relation has been predicted in special cases on the level of generating functions in the study of geometric engineering (see [Sz12] ). As an application of our comparison, we obtain an algebra embedding of the positive part of Yangian into the critical CoHA.
More precisely, these two CoHAs we considered here are as follows. Let Q = (I, H) be a quiver, with set of vertices I and arrows H. There is a multiplication, defined in [YZ15] and recalled in § 1, making A P(Q) an associative algebra, called the preprojective cohomological Hall algebra (preprojective CoHA). Let M(v, w) be the Nakajima quiver variety with dimension vectors v, w ∈ N I and stability condition θ + . By [YZ15, Theorem B] , A P(Q) acts on the A-homology of the Nakajima quiver varieties
When A is the Chow group, CH P is isomorphic to the positive part of the Yangian. The action on the Chow group of quiver varieties is compatible with the Yangian action in [Va00] . In this paper we consider the preprojective CoHA in the setting of Borel-Moore homology BM P = v∈N I H BM Gv×T (µ −1 v (0); Q) endowed with multiplication defined the same way. The algebra BM P acts on BM M(w).
On the other hand, for the same quiver Q = (I, H), we can define an extended quiver with potential. Let Q := Q ⊔ C be the extended quiver defined by Ginzburg in [Gin09] . The set of vertices of Q is I, and its set of arrows is H ⊔ H op ⊔ C. Here, H op is in bijection with H, and for each a ∈ H, the corresponding arrow in H op , denoted by a * , is a with orientation reversed. The set C is {l i | i ∈ I}, with l i an edge loop at the vertex i ∈ I. Consider the potential
of the quiver Q. Let H = v∈N I H v be the critical CoHA associated to ( Q, W ) defined by Kontsevich and Soibelman [KoSo11] and recalled in §2.
These two CoHAs are related in the following way.
Theorem A (Theorems 3.1 and 4.4). With the T -action on the representation space of J W described in Assumption 4.2, the following holds.
(1) For any w ∈ N I , there is a homomorphism of N I -graded Q[t 1 , t 2 ]-algebras
(2) For any v ∈ N I , denote i∈I (−1) (
There is an isomorphism of N I -graded associative algebras Ξ : BM P → H whose restriction to the degree-v piece is
In the setup of (2), we have
and Theorem A is the existence of an injective algebra homomorphism
, where H is the sign twist of H coming from the Euler-Ringel form (see Corollary 4.5 for the precise statement).
The conditions on the torus action here is essential for Theorem A to be true. Note that the equivariant parameter of the torus is the quantization parameter of the Yangian. In Appendix A, we investigate the two CoHAs when the T -action has different weights than Assumption 4.2. We obtain an algebra homomorphism from one to a twisted version of the other.
The main technical ingredient in passing from the critical cohomology to the Borel-Moore homology is the dimension reduction [Da15a, Theorem A1], which is a cohomological version of the dimension reduction [BBS13] . In Appendix B, we prove that the dimension reduction is compatible with certain pull-backs and push-forwards. This allows us to give a description of the critical CoHA in terms of Borel-Moore homology, and hence prove Theorem A. Along the way, we also establish a shuffle description of the critical CoHA in this case.
In special cases, quiver varieties are instanton moduli spaces, and their Euler characteristic can be viewed as instanton counting. In other words, the Euler characteristic of certain modules of the preprojective CoHA yields invariants of instantons. On the other hand, in [KoSo11] , the generating series of the critical CoHA are defined as generalization of the Donaldson-Thomas invariants of 3-folds. Therefore, we consider Theorem A as a step towards establishing a relation between instanton counting and Donaldson-Thomas invariants of 3-folds. A precise problem in this direction was raised by Soibelman in [S14, § 1.4c)], i.e., in the case of PT-moduli of resolved conifold, find the relation between operators from the critical CoHA and the Nakajima-type operators on n Hilb n (A 2 ). This special case will be discussed in Example 4.7.
The results of the present paper were first published on the arXiv as a part of [YZ15] , and was split from loc. cit. for expositional purposes. After the results were published, in the appendix to [RS15] , Ben Davison independently proved a result similar to Theorem A(2), through an entirely different approach, although both rely on [Da15a] . The present paper features a 2-dimensional torus action and precise conditions on the action which make Theorem A holds equivariantly.
Reminder on the preprojective cohomological Hall algebras
In this section, we review the preprojective CoHA defined in [YZ15] .
1.1. Lagrangian formalism. Let X be a smooth quasi-projective variety endowed with an action of a reductive algebraic group G. The cotangent bundle T * X is a symplectic variety. The induced action of G on T * X is Hamiltonian. Let µ : T * X → (Lie G) * be the moment map. Following [SV12] , we denote µ −1 (0) ⊆ T * X by T * G X. Let P ⊂ G be a parabolic subgroup and L ⊂ P be a Levi subgroup. Let Y be a smooth quasiprojective variety equipped an action of L, and X ′ smooth quasi-projective with a G-action. Let V ⊆ Y × X ′ be a smooth subvariety. Let pr 1 , pr 2 be the two projections restricted on V
Assume the first projection pr 1 is a vector bundle, and the second projection pr 2 is a closed embedding. Let X := G × P Y be the twisted product. Set W := G × P V and consider the following maps
where [(g, v) ] is the pair (g, v) mod P . Note that the natural map T * X → G × P T * Y is a vector bundle, with the zero-section
where φ : Z → T * X and ψ : Z → T * X ′ are respectively the first and second projections of T * X × T * X ′ restricted to Z.
1.2. Hall multiplication. Let Q = (I, H) be a quiver. We consider the
We consider the Lagrangian correspondence formalism in Section §1.1, with the following specializations: Take Y to be Rep(Q, v 1 ) × Rep(Q, v 2 ), X ′ to be Rep(Q, v) and V to be Rep(Q) v 1 ,v 2 (see [KoSo11, § 2.2] and [YZ15, § 2.1]). We write G := G v for short. Let P ⊂ G v be the parabolic subgroup and L := G v 1 × G v 2 be the Levi subgroup of P . Recall in Section §1.1, we have the correspondence (1) of G × T -varieties. The map m P v 1 ,v 2 is defined to be the composition of the following morphisms.
(1) The Künneth morphism
The following composition from diagram (1), with φ ♯ being the Gysin pullback of φ
1.3. Representations from quiver varieties. We review the representations of A P(Q) in this section. We show that A P(Q) acts on the equivariant A-homology of Nakajima quiver varieties.
Unless otherwise specified, we use the stability condition θ + induced by the character
We fix an I-tuple of vector spaces V of dimension vector v. We fix V 1 ⊂ V an I-tuple of subspaces of V with dimension vector v 1 . Let V 2 := V /V 1 , with the projection map pr 2 : V → V 2 . We set G = G v , and P = {g ∈ G | g(V 1 ) = V 1 }. Let Q ♥ be the framed quiver. Recall that the set of vertices of Q ♥ is I ⊔ I ′ . The set of edges of Q ♥ is, by definition, a disjoint union of H and a set of additional edges j i : i → i ′ , one for each vertex i ∈ I, i ′ ∈ H. We consider the Lagrangian correspondence formalism in § 1.1, specialized as follows: We take X ′ to be Rep(Q ♥ , v, w) and Y to be Rep(Q ♥ , v 1 , w) × Rep(Q, v 2 ). Define V to be
As in Section §1.1, we have
We will abbreviate
Here overline means the double of the quiver. There is a bundle projection T * X → G× P T * Y . We define T * X s to be the preimage of G × P T * Y s under this bundle projection. In particular, we have
Here the left square of diagram (2) is a pullback diagram. Let v, w ∈ N I be the dimension vectors. We have
For each w ∈ N I , we recall the action of A P on M(w) := v M(v, w), where for each pair v 1 , v 2 ∈ N I the action map
is defined to be the composition of the Künneth morphism.
with the following morphism
where the pullback φ ♯ is the Gysin pullback of φ in diagram (2).
1.4. Shuffle description. As is proven in [YZ15, Theorem C], there is an algebra homomorphism from P to the shuffle algebra SH, which is an isomorphism after localization. We briefly recall the latter here. The details can be found in [YZ15, § 2] (see also [YZ1] for a purely algebraic treatment). Let (R, F ) be the formal group law associated to A. Define SH to be an 
For each arrow h ∈ H, associate two integers, m h and m h * . Define
where
When A is the equivariant Chow group or the equivariant K-theory, the shuffle algebra has a definition without going to the completion, as remarked in [YZ15, Remark 3.5].
1.5. The Yangian. Recall that P is the twist of P by a sign from Euler-Ringel form (see [YZ15,  §5.6]), and P is the quotient of P by the A T (pt)-torsion. For each k ∈ I, let e k be the dimension vector valued 1 at vertex k and zero otherwise. We define the spherical preprojective CoHA to be the subalgebra A P s (Q) ⊆ A P(Q) generated by
When A be the intersection theory CH (that is, the Chow group, see [Ful84] ). Following Nakajima [Nak01] , Varagnolo constructed an action of the Yangian Y (g Q ) on the equivariant Chow groups of quiver varieties [Va00] .
Let Q be a quiver without edge loops. Let
where the map Y g Q → End(M(w)) is defined in [Va00] .
From entirely different considerations, Maulik-Okounkov constructed another algebra Y MO , which also acts on the equivariant Chow groups of quiver varieties [Va00] . There is an algebra embedding Y (g) ⊂ Y MO which is compatible with the two actions (see, e.g., [YZ15] ).
Quiver with potentials and a cut
In this section, we recall a special type of quivers with potentials of interest to us.
2.1. Quiver with potential and cut. Let Γ = (Γ 0 , Γ 1 ) be an arbitrary quiver, and W be a potential of Γ, that is, W = u c u u is a linear combination of cycles in Γ. A cut C of (Γ, W ) is a subset C ⊂ Γ 1 such that W is homogeneous of degree 1 with respect to the grading defined on arrows by deg a = 1 : a ∈ C, 0 : a / ∈ C. In this section, we assume the quiver with potential (Γ, W ) admits a cut C. Furthermore, we assume the following.
Assumption 2.1. The cut C consists of exactly one edge loop for each vertex.
Given a cycle u = a 1 . . . a n and an arrow a ∈ Γ 1 . The cyclic derivative is defined to be ∂u
as an element of the path algebra CΓ. We extend the cyclic derivatives to potentials by linearly. By Assumption 2.1, for a ∈ C, the derivative ∂W ∂a ∈ CΓ is a linear combination of cycles. Let
, a quotient algebra of the path algebra C(Γ\C). For a dimension vector v, we define
Example 2.2. Let Q = (I, H) be any quiver. Let Γ be the extended quiver Q introduced by Ginzburg in [Gin09] . More precisely, Q have the same set of vertices as Q = (I, H), and the following set of arrows:
(1) an arrow a : i → j for any arrow a :
Define a potential W on Q by the formula
Let C = {l i | i ∈ I} be the cut of the pair ( Q, W ). In this case, the algebra J C W is the preprojective algebra Π Q := CQ/( a∈H [a, a * ]). And for any v ∈ N I we have
Example 2.3. Another example of the quiver with potential is ( Q ♥ , W ♥ ). Define a new quiver Q ♥ to have the same set of vertices as Q ♥ and the following arrows:
We introduce the potential W ♥ on the quiver (C, v) . We define the semistable points to be
2.2. An auxiliary algebra H. Let (Γ, W, C) be the quiver with potential, which admits a cut C satisfying Assumption 2.1. Assume there is an additional linear T = G m 2 -action on R(J C W , v) so that all the correspondences are equivariant.
We define an auxiliary cohomological Hall algebra associated to the data (Γ, W, C) to be
as N I -graded R-module, with multiplication defined below. The algebra H is introduced as an intermediate object in comparing CH P with the critical CoHA of Kontsevich-Soibelman. However, it has the advantage of being defined for any oriented cohomology theory. For any v 1 , v 2 ∈ N I , let v = v 1 + v 2 . The groups G, P , and L are similar as in § 1. As before, we have the correspondence
). Thus, we have the following maps
We introduce the smooth variety
For x ∈ V, denote by (pr 1 (x), pr 2 (x)) the projection of x to Rep(Γ, v 1 ) × Rep(Γ, v 2 ). We have the following diagram
with the maps in the diagram given by
The left square in (7) is a Cartesian square, since the fiber product of the maps i 1 and φ is
We now describe the product of the H associated to (Γ, W, C). The Hall multiplication m aux
of H is the composition of the following morphisms.
The isomorphisms:
.
(3) The refined Gysin pullback along φ in (7):
(4) The pushforward η * in (7): 
, with respect to which the correspondence is equivariant. In § 4 and § A we will concentrate on two special examples of such T -action. Now we study the multiplication of A H when Γ = Q. Let v 1 , v 2 be two dimension vectors. Recall in Section §2.2, we have the correspondence
be the complement of V C which consists of strictly lower block triangular matrices. We have the following correspondence
We have the following Cartesian square (C, v 1 + v 2 ) .
, is equivalent to
where p 2 ♯ is the refined Gysin pullback of p 2 along p 2 in (8).
2.4. Action on the cohomology of quiver varieties. In this subsection, we construct representations of H associated to the quiver with potential ( Q, W ). Denote the cut by C. As in Example 2.3, we will also take the T -action into consideration. We show H acts on the equivariant A-homology of the Nakajima quiver varieties. For any v ∈ N I , define
For any v 1 , v 2 , we define a map
. We start with the correspondence
be the co-restriction of i on V 1 , and j V 1 be the composition
We have the following correspondence, with the left square being Cartesian.
By [YZ15, Lemma 5.1(3)], the middle term
(2) The refined Gysin pullback φ ♯
(3) The pushforward η * in the correspondence (9)
We have the following.
Theorem 2.6. For any w ∈ N I , the maps a aux v 1 ,v 2 define an algebra homomorphism H → End(M(w)). The proof of Theorem 2.6 goes the same way as that of [YZ15, Theorem 5.4].
Remark 2.7. By the fact that R(J C W , v) is a vector bundle on µ −1 v (0), there is a natural isomorphism of vector spaces P v ∼ = H v for any v ∈ N I . However, this isomorphism is not compatible with the multiplications.
2.5. Multiplications of H and P. In this section, we compare the Hall multiplication of A P(Q) with that of the auxiliary CoHA H associated to ( Q, W, C). Let m P be the multiplication of A P(Q). By definition, m P (x ⊗ y) = ψ * φ ♯ (x ⊗ y), x ∈ P v 1 and y ∈ P v 2 , where φ and ψ are as in § 1.2.
Proposition 2.8. Let m aux be the multiplication of H. Then, for x ∈ H v 1 and y ∈ H v 2 , we have
where e(γ) is the equivariant Euler class of the quotient bundle over Z G of the closed embedding , a) , gbg −1 ).
Proof. We have the following diagram of the correspondences used for P and H:
The map π is a vector bundle with fiber V C . For the left square, we have
Note that the right square is not a Cartesian diagram. We factor the map η as (ψ × id) • γ, where γ is a closed embedding.
Clearly, the square in above diagram is a pullback diagram and satisfies the conditions in [YZ15, Lemma 1.16]. The pushforward γ * : A G×T (Z G ) → A G×T (Z G ) is given by:
where e(γ) is the equivariant Euler class. The claim now follows from the definition of Hall multiplication m aux of H. Proposition 2.8 and the shuffle formula (6) give the following shuffle description of H. Let SH aux be the auxiliary shuffle algebra, which is isomorphic to the shuffle algebra SH as abelian groups. For f 1 ∈ SH aux v 1 and f 2 ∈ SH aux v 2 , the multiplication m aux v 1 ,v 2 (f 1 ⊗ f 2 ) is given by the shuffle formula (11)
where σ ∈ Sh(v 1 , v 2 ) is the shuffle of the variables (λ ′i s ) i∈I,s=1,...,v i , and fac 1 , fac 2 are given by (4) and (5). An argument as in the preprojective case implies the following.
Corollary 2.9. There is an algebra homomorphism from H to SH aux .
Let a prepr be the (right) action of P on M(w). By construction, a prepr (m ⊗ x) = ψ * φ ♯ (m ⊗ x), where φ and ψ are as in § 1.3. Proposition 2.10. Let a aux be the (right) action of H on M(w). We then have:
Proof. The proof is the same as the proof of Proposition 2.8.
Let H ǫ be the skew auxiliary CoHA, obtained by twisting H using a sign twist functor (see Appendix A). Roughly speaking, H ǫ is obtained from H by tensoring with the sign character of the symmetric group. In Appendix A, we interpret Proposition 2.8 and 2.10 in terms of an algebra homomorphism from P to H ǫ and the compatibility of their actions on quiver varieties. 2.6. Borel-Moore homology. We follow the same notation as in diagram (7). Recall the multiplication of CH H is defined as
On the other hand, instead of Chow group, we consider the Borel-Moore homology. Define the algebra BM H := ⊕ v∈N I H BM Gv×T (R(J C W , v)), with multiplication, still denoted by m aux , defined as
Similarly, for any w ∈ N I , there is an action , w) ). For any variety X, denote the structure map X → pt by p X . Let D b (X) be the category of constructible sheaves of Q-vector spaces.
, which is the Borel-Moore homology. There is a cycle map cl : CH * (X) → H BM 2 * (X). Here D is the Verdier duality.
Proposition 2.12. The cycle map cl induces an algebra homomorphism CH H → BM H, which makes the following diagram commutative
In Corollary 3.8, we give an alternative definition of BM H in terms of critical cohomology. 
Then, a is a closed embedding and b is an affine bundle. The composition is b • a = φ. We have the following pullback diagram
Lemma 2.13. The Gysin pullback φ ♯ :
Proof. It is well-known (see, e.g., [KaSa08, Lemma 2.1.2]) that the map a ♯ is given by (
The map b is an affine bundle. Hence,
The critical CoHA
We recall the critical CoHA defined by Kontsevich-Soibelman, and give it an equivalent description using the dimension reduction of [Da15a] (recalled in Appendix B).
3.1. Critical CoHA. Now we define the critical cohomological Hall algebra associated to the quiver with potential ( Q, W ) to be H = v∈N I H BM Gv×T (R(J C W , v)) with multiplication, denoted by m crit , defined as follows.
Let e(ι) be the equivariant Euler class of the embedding ι : G × P T * Y ֒→ T * X. We follow the same notations as in Proposition 2.5. Let
] be a morphism between the localized modules. We also consider 1 e(ι) (φ ♯ ) as a map between the targets of the natural isomorphisms
This morphism, a priori only defined after localization, is actually well-defined before localization, by Theorem 3.2. Similar to [YZ15, Theorems 4.1 and 5.4], we have the following.
Theorem 3.1. The N I -graded Q[t 1 , t 2 ]-module H endowed with multiplication m crit is an associative algebra. Furthermore, for any w ∈ N I , there is an action a crit :
In the definition of critical CoHA in [KoSo11] , critical cohomology is used instead of oriented Borel-Moore homology theory. Let (Γ, W ) be a quiver with potential, which admits the cut C satisfying the Assumption 2.1. Let CH be the intersection theory and cl : CH Gv (X, Q) → H BM Gv (X, Q) = H * c,Gv (X, Q) ∨ be the cycle map. The trace of the potential tr(W ) v is a function on Rep(Γ, v). We follow the convention in [Da15a] , denote ϕ tr Wv to be the vanishing cycle complex of Rep(Γ, v) with support on the critical locus of tr W v . Thus, there is an isomorphism (see e.g., Corollary 3.5)
induces an algebra isomorphism from H :
. The proof of Theorem 3.2 amounts to showing that the dimension reduction is compatible with pullback and pushforward used in the definition of critical CoHA. We present the proof in Appendix B for the convenience of the readers. Γ, v) . We follow the convention in [Da15a] , let ϕ tr Wv be the vanishing cycle complex on Rep(Γ, v) with support on the critical locus of tr W v . We denote by H * c,Gv (X) ∨ the Verdier duality of the compact support cohomology of X. We have an isomorphism
Note that we have
The Hall multiplication of the critical CoHA is the composition of the following morphisms (see [KoSo11] ).
(1) The Thom-Sebastiani isomorphism
(2) Using the fact that V is an affine bundle over Rep(Γ, v 1 ) × Rep(Γ, v 2 ), and tr W v 1 ,v 2 is the pullback of tr W v 1 ⊞ tr W v 2 , we have
(3) Using the fact tr W v 1 ,v 2 is the restriction of tr W v 1 +v 2 to V. We have
Definition 3.4. The critical CoHA is v∈N I H * c,Gv (Rep(Γ, v), ϕ tr Wv ) ∨ , endowed with the Hall multiplication described above.
3.3. The proof of Theorem 3.2. Now we use the previous subsections to prove Theorem 3.2.
Let (Γ, W ) be a quiver with potential. We assume (Γ, W ) admits a cut which satisfies Assumption 2. 
, which is compatible with the Thom-Sebastiani isomorphism and the Künneth isomorphism. Now let Γ = Q be a quiver as in Example 2.2. We have the following diagram with the square being Cartesian
Let e(j 3 ) be the Euler class of the affine bundle p 3 , which is the same as the Euler class of the affine bundle p 2 . Recall the following diagram from (12)
e e ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ ▲ _ ?
Lemma 3.6. Notations as above. Under the isomorphism in Theorem B.1,
Let e(a) and e(j 2 ) be the Euler class of the two embeddings a and j 2 . Note that e(j 2 ) = e(j 3 ) and e(a) = e(ι).
Lemma 3.7. Under the isomorphism in Theorem B.1, we have e(a)j 2 * = φ ♯ e(j 2 ).
Proof. By Lemma 3.6, e(a)j 2 * is D(p T * G X ) ! l * applied to the following composition
By Lemma 2.13,
We have the commutative diagram
Applying the functor (p T * G X ) ! l * b ! [− dim a] to the above commutative diagram gives the desired equality.
Proof of Theorem 3.2. The composition of 3.2(2) and (3) in the multiplication on H of KontsevichSoibelman is equivalent to
The map p 1 is an affine bundle. By Lemma B.4, the vanishing cycle pullback p * 1 is the same as
is an affine bundle, with tr W on the total space obtained by pulling back from the base. Hence, j 3 * is p * 3 followed by the Euler class of j 3 . Note that (i 3 j 3 ) * = (j 2 i 1 ) * . Hence, i 3 * p * 3 is the same as 1 e(j 3 ) • (j 2 i 1 ) * . The map i 1 is a section of an affine bundle, where tr
Hence, the vanishing cycle pushforward i 1 * and the Borel-Moore homology pushforward i 1 * are both multiplication by the Euler class, and therefore coincide. By Lemma 3.7,
Thus, Theorem 3.2 follows.
The following is a consequence of Theorem 3.2 and Proposition 4.1.
Corollary 3.8. The algebra BM H is isomorphic to v∈N I H * c,Gv×T (Rep( Q, v), ϕ tr Wv ) with multiplication defined by the composition of morphisms 3.2(1), (2), (3), multiplication by e(ι) as in Proposition 4.1, and then 3.2(4).
Conclusions
In this section, we compare the preprojective CoHA of Q and the critical CoHA defined by Kontsevich-Soibelman associated to the quiver with potential ( Q, W ). We do this by comparing H defined in § 2 with the critical CoHA defined by Kontsevich-Soibelman, and use the relation between H and the preprojective CoHA obtained in § 2. (λ
Combining the definition of multiplication on H in § 3.1 with Proposition 2.5, we get the following.
Proposition 4.1.
(1) For x ∈ H v 1 and y ∈ H v 2 , we have (λ
Hence, e(γ) = i∈I (−1) v i 1 v i 2 e(ι). Proposition 2.8 and the shuffle formula (6) give the following shuffle description of H . Let SH crit be the critical shuffle algebra, which is isomorphic to the shuffle algebra SH as abelian groups. For f 1 ∈ SH crit v 1 and f 2 ∈ SH crit v 2 , the multiplication m crit v 1 ,v 2 (f 1 ⊗ f 2 ) is given by the shuffle formula (14)
where σ ∈ Sh(v 1 , v 2 ) is the shuffle of the variables (λ ′i s ) i∈I,s=1,...,v i , and fac 1 , fac 2 are given by (4) and (5).
Corollary 2.9 and Proposition 4.1 implies the following. Similar to § 2.6, we can consider BM P = v∈N I H BM Gv×T (µ −1 v (0); Q) and its action a prepr : BM P → End( BM M(w)). It follows from general theory of cycle map (see e.g. [Ful84, Ch19] ) that the cycle map cl : CH P → BM P is an algebra homomorphism, and intertwines their actions on CH M(w) and BM M(w) respectively.
Summarizing Propositions 2.8, 2.10, and 4.1 we obtain the main theorem of this section.
Theorem 4.4.
(1) Under Assumption 4.2, there is an isomorphism of N I -graded associative algebras Ξ : BM P → H whose restriction to the degree-v piece is
where (−1) (
2 ) . (2) In the setup of (1), we have
for any w, v 1 , v 2 ∈ N I , x ∈ P v 1 , and m ∈ H BM Gw×T (M(v 2 , w)). 
consisting of representations such that the vector Im(i) is an acyclic vector under the operators l, x, x * . Then, the critical locus Crit(tr W ♥ ) ∩ Rep s ( Q ♥ , n)/ GL n is isomorphic to Hilb n (C 3 ). In particular, the construction of [KoSo11] gives an action of H Q on
We take a further open subset Rep
that Im(i) is an acyclic vector under the operators x, x * . Thus, Crit(tr
Restriction to open subset induces a map M (Hilb(
Note that we also have H
is a vector bundle over Hilb n (C 2 ). By Theorem 2.6, the action of H Q on M (Hilb(C 3 )) induces an action on M o (Hilb(C 3 )) and the restriction M (Hilb(C 3 )) → M o (Hilb(C 3 )) is a module homomorphism. Since the action of H Q on M o (Hilb(C 3 )) amounts to "adding points" in C 3 , while the P Q action on n∈N H * c,T (Hilb n (C 2 ), Q) ∨ amounts "adding points" in C 2 , a priori there is no expected relation between these two actions. However, Theorem 4.4 gives a comparison between the action of H Q on M 0 (Hilb(C 3 )) and the action of P Q on n∈N H * c,T (Hilb n (C 2 ), Q).
Motivated by the study of geometric engineering (see, e.g., [Sz12] ), Soibelman in [S14, § 1.4c)] proposed the problem of finding the relation between operators in the critical CoHA acting on the Pandharipande-Thomas moduli of resolved conifold X = O P 1 (−1) O P 1 (−1) and the Nakajimatype operators on n Hilb n (C 2 ). Let H Γ := n∈N H * c,T ×GLn (Rep(Γ, n, n), ϕ tr W ′ ) ∨ , where the dimension vector (n, n) has dimension n at both vertices x 0 and x 1 . The construction of [KoSo11] endows H Γ with an algebra structure.
Let Γ ♥ be the quiver that obtained from Γ by adding one vertex x ∞ , and one arrow i from x ∞ to x 0 . Consider the same potential W ′ on the new quiver Γ ♥ . Consider the dimension vector (n, n, 1) having dimension 1 at x ∞ and dimension n at both x 0 and x 1 . The GIT quotient of Crit(tr W ′ ) ∩ Rep(Γ ♥ , n, n, 1) for suitable stability condition is isomorphic to the PandharipandeThomas moduli space of stable pairs on the resolved conifold X. However, as the critical CoHA naturally acts on the cohomology of the DT-moduli of X, we will consider the DT-moduli instead of the PT-moduli. Let Rep s (Γ ♥ , n, n, 1) be the open subset consisting of representations such that Im(i) is a cyclic vector under Γ. The construction of [KoSo11] gives an action of n, n, 1) be the open subsets consisting of representations such that the linear map a 10 is an isomorphism. Note that
where Q is as in Example 4.6. Furthermore, the potential W ′ becomes W and W ♥ on Rep o (Γ, n, n) and Rep o (Γ ♥ , n, n, 1) respectively. Therefore, restriction to open subsets induces natural maps H Γ → H Q which is an algebra homomorphism, and M (Hilb(X)) → M (Hilb(C 3 )) which is compatible with the actions of the two critical CoHAs.
The relation between the H Q -action on M (Hilb(C 3 )) and the P Q -action on ⊕ n∈N H * c,T (Hilb n (C 2 )) has already been explained in Example 4.6, where the later action is via Nakajima operators (see [YZ15, Theorem 5 .6]). Indirectly, we have a relation between the latter and the H Γ -action on M (Hilb(X)).
It follows from the following equality
The assignment sending SH aux to SH aux,ǫ has the effect of sending the space of symmetric polynomials to the space of skew-symmetric polynomials. Next, we show that this assignment is a functor, called the sign-twist functor. This is a geometric interpretation of the formula (15) be the two idempotent elements. In particular, we have P triv = (S ⋊ S n )e triv and P sign = (S ⋊ S n )e sign in S ⋊ S n -mod. We also have the following isomorphism S Sn ∼ = e triv (S ⋊ S n )e triv , a → ae triv .
For simplicity, we write Λ := End(P sign ) = e sign (S ⋊ S n )e sign . Consider the following two pairs of adjunctions
More generally, we consider W G = S v := i∈I S v i , and the subgroup W P = S v 1 × S v 2 , for v = v 1 + v 2 . Without causing confusion, the trivial and sign idempotent of W G will also be denoted by e triv and e sign , and the two corresponding projective objects by P triv and P sign . We have the following diagram with functors among the module categories involve W G and those involve W P . (For the notation, we add a tilde for objects involve W P . ) (16) S W P -mod
Res S ⋊ W P -mod Hom S⋊W P ( P triv , V ) ∼ = Hom S⋊W P (Res P triv , V ) ∼ = Hom S⋊W G (P triv , Ind
The commutativity of the right square follows from a similar argument.
The composition of functor G ′ • F is denoted by (−) ǫ , called the sign-twist functor. The effect of (−) ǫ is changing the symmetric polynomials in S W G to skew-symmetric polynomials in (S ⊗ ǫ) W G . Now we follow the setup as in [YZ15, Corollary 1.7]. Let p : B GL r ×B GL n−r ∼ = Grass(r, R(n)) → Grass(n, ∞) ∼ = B GL n be the natural projection. Let Sn be the push-forward map. We write W G = S n and W P = S r × S n−r . Define
Proposition A.4. With notations as above, applying G ′ • F to the pushforward p * , we get
The formula of p ǫ * is given by: Note that this formula, a priori well-defined as a map (S loc ⊗ C ǫ) W P → (S loc ⊗ ǫ) W G , sends (S ⊗ C ǫ) W P to (S ⊗ C ǫ) W G .
Proof. For any S Sn -module M , we have
Therefore, p ǫ * is a map from (S ⊗ C ǫ) W P ∼ = S W P ⊗ C ǫ to (S ⊗ C ǫ) (λ i − λ j ).
Proof. In the case m = n, and h is the identity map. The commutativity is equivalent to the commutativity of the following diagram:
Applying the two functors
to the morphism g ! Q X → Q X ′ [dim g] gives the desired commutativity. In general, replace the embedding i : Z ֒→ X by i × id : Z × A n−m ֒→ X × A n−m , and replace g by the compositiong : X × A n−m → X → X ′ . The map g × h is the same asg × id. The previous argument shows the square commutes.
